
Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalInformation?journalCode=tica20

Download by: [Mr Shipeng Sun] Date: 08 June 2016, At: 18:34

International Journal of Cartography

ISSN: 2372-9333 (Print) 2372-9341 (Online) Journal homepage: http://www.tandfonline.com/loi/tica20

Symbolize map distortion with inscribed circles in
polygons

Shipeng Sun

To cite this article: Shipeng Sun (2016): Symbolize map distortion with inscribed circles in
polygons, International Journal of Cartography, DOI: 10.1080/23729333.2016.1179863

To link to this article:  http://dx.doi.org/10.1080/23729333.2016.1179863

View supplementary material 

Published online: 07 Jun 2016.

Submit your article to this journal 

View related articles 

View Crossmark data

http://www.tandfonline.com/action/journalInformation?journalCode=tica20
http://www.tandfonline.com/loi/tica20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/23729333.2016.1179863
http://dx.doi.org/10.1080/23729333.2016.1179863
http://www.tandfonline.com/doi/suppl/10.1080/23729333.2016.1179863
http://www.tandfonline.com/doi/suppl/10.1080/23729333.2016.1179863
http://www.tandfonline.com/action/authorSubmission?journalCode=tica20&page=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=tica20&page=instructions
http://www.tandfonline.com/doi/mlt/10.1080/23729333.2016.1179863
http://www.tandfonline.com/doi/mlt/10.1080/23729333.2016.1179863
http://crossmark.crossref.org/dialog/?doi=10.1080/23729333.2016.1179863&domain=pdf&date_stamp=2016-06-07
http://crossmark.crossref.org/dialog/?doi=10.1080/23729333.2016.1179863&domain=pdf&date_stamp=2016-06-07


Symbolize map distortion with inscribed circles in polygons
Shipeng Sun

Department of Environmental Studies, University of Illinois Springfield, Springfield, IL, USA

ABSTRACT
For the representation of geographic information, the distortion
resulting from map projections and transformations is unwanted
but unavoidable. Identical circles systematically arranged on the
Earth’s ellipsoid have been extensively used to symbolize the map
distortion. Despite their effectiveness and popularity, these circles
are not explicitly associated with any specific polygons in the
map, thus possibly impairing their relevance if the map-readers
are interested in particular regions. More importantly, for the map
transformation specifically targeting polygons such as the area
cartogram, placing the circles completely within the polygons
becomes necessary because two neighboring polygons in an area
cartogram could have distinctive distortion characteristics. This
paper proposes new computer algorithms to enable a map-
distortion symbolization approach based on inscribed circles
entirely contained in polygons either on a projected 2D plane or
on the Earth’s ellipsoid. These inscribed circles in polygons (ICIP)
are rendered as a series of maximum or equal-sized circles that
are spatially exclusive, that is, without overlapping. Compared
with the systematically arranged identical circles, the ICIP give
cartographers certain flexibility and a new option for the map-
distortion symbolization. Two area cartograms and three map
projections are provided as examples to illustrate their usage and
possible contribution in different mapping scenarios.

ARTICLE HISTORY
Received 15 November 2015
Accepted 26 March 2016

KEYWORDS
Inscribed circles in polygons;
map-distortion
symbolization; maximum
inscribed circles; circle
packing in polygons

RÉSUMÉ
Pour représenter les informations géographiques, les distorsions,
qui proviennent de la projection cartographique et de
transformations diverses, sont indésirables mais inévitables. Les
cartographes ont largement utilisé des cercles identiques
positionnés de façon régulière sur l’ellipsoïde terrestre pour
symboliser ces distorsions cartographiques. Malgré leur efficacité
et leur popularité, ces cercles ne sont pas explicitement associés à
des polygones spécifiques. De plus, pour les transformations
cartographiques centrées sur les polygones, telles que les
anamorphoses, positionner les cercles complètement à l’intérieur
des polygones est nécessaire parce que deux polygones voisins
dans une carte en anamorphose peuvent avoir des
caractéristiques de distorsions sensiblement différentes. Ce papier
propose de nouveaux algorithmes pour faciliter la symbolisation
de la distorsion cartographique basés sur des cercles entièrement
inscrits dans les polygones soit sur un plan de projection 2D soit
sur l’ellipsoïde terrestre. Ces cercles inscrits dans les polygones
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sont symbolisés par une série de cercles soit de tailles maximales
soit de tailles identiques et qui sont spatialement exclusifs, c’est-à-
dire sans superposition. En comparaison avec la méthode des
cercles identiques positionnés de façon régulière, les cercles
inscrits dans les polygones donnent aux cartographes une
certaine flexibilité et une nouvelle possibilité pour la
symbolisation de la distorsion cartographique. Ce papier propose
deux cartes en anamorphose et trois projections cartographiques
à titre d’exemples pour illustrer leurs utilisations et leurs
contributions possibles pour différents scénarios cartographiques.

1. Introduction

Map transformation, or geotransformation in a broader sense, is essential to the represen-
tation and perception of geographic information and is also fundamental to cartography
and GIScience (Chrisman, 1999; Nyerges & Jankowski, 1989; Slocum, McMaster, Kessler, &
Howard, 2009; Tobler, 1979). Although the geotransformation-related mathematics, algor-
ithms and tools, particularly those on map projections, have been well developed
(Kimerling, Overton, & White, 1995; Laskowski, 1989; Monmonier, 2005; Mulcahy &
Clarke, 2001; Wikle, 1991), the gap in understanding the perceptual implications of differ-
ent transformations does not seem narrowing in the Internet age for general map users
(Monmonier, 1996; Peterson, 2008). Popular Internet mapping sites such as Google
Maps® and Bing Maps® disseminate a large amount of geo-referenced data to the
general public with little explanation to map projections and distortions (Haklay, Single-
ton, & Parker, 2008; Peng & Tsou, 2003; Tsou, 2011). Additionally, while enabling users
to make quality maps, the increasing availability of the free and open-source GIS software,
along with the more user-friendly proprietary software, also ‘hide’, beneficially, many
details of map projections and associated transformational features by automatically re-
projecting underlying geo-referenced data for the purpose of visual uniformity and con-
sistency (Plewe, 2007; Ramsey, 2007; Tsou, 2011; Vatsavai et al., 2012).

For both professionals and non-expert users, the distortion is one of the most important
aspects of a map transformation that needs to be well understood in order to comprehend
its impacts on space representation and perception (Crampton, 1994; Harley, 1989;
Mulcahy & Clarke, 2001). Among others, regular circles are widely used to symbolize the
map distortion. These circles are of equal sizes and systematically plotted on the Earth
surface (the Earth surface in this paper refers to the Earth’s ellipsoid unless otherwise
stated). Their sizes and shapes after the map transformation symbolize the resultant dis-
tortion. These circles are similar to Tissot’s ellipses in appearance. Tissot’s ellipses also
termed Tissot’s circles or ellipses of distortion are based on Tissot’s indicatrix, which is
the mathematical measure of the projection distortion derived from the underlying
map-projection equations (Laskowski, 1989; Tobler, 1978). By definition, a Tissot’s ellipse
is only valid for a single point or an indefinitely small area on the Earth surface. To
make the Tissot’s ellipses visually distinguishable, they are exaggerated in sizes. Although
the Tissot’s ellipses look similar to the regular circles plotted on the Earth surface, they
have fundamentally different theoretical properties.
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While being intuitive and popular, symbolizing map distortion with the systematically
arranged identical circles has a few shortcomings. First, they are commonly plotted at the
global scale with graticules and have little direct relevance to any particular countries or
regions. Second, for some specially designed map projections like the Fuller Projection®,
which intends to map the land area as a single piece (Buckminster Fuller Institute, 2015;
Gray, 1995), the circles would not reflect its design purpose if they are entirely or partially
outside of the targeted land area. Most importantly, with the emergence of generic,
polygon-based transformation types, particularly the area cartogram, the circles would be
muchmore useful if they are adapted to visualize the distortion that is completely contained
within the individual polygons as eachpolygon in an area cartogramhas a different enlarge or
shrink rate (Sun, 2013a, 2013b; Tobler, 2004). The circles that span multiple polygons would
include different cases of desired shape transformation from the neighboring polygons,
which make it hard to evaluate the effectiveness of the shape preservation of the cartogram.

To extend the representative power of the systematically arranged identical circles, this
paper proposes the inscribed circles in polygons (ICIP). Instead of evenly floating on the
Earth surface, the ICIP symbolize the map distortion using multiple circles that are comple-
tely inside the given polygons. As such, they are tightly linked to particular regions and are
applicable to the generic map transformation. It should be noted that the ICIP are not
about the distortion of polygons per se; instead, they symbolize the general map distortion
that is visually confined within the polygons. Using the ICIP, cartographers have greater
flexibility when conveying the map-distortion knowledge to the general map users. More-
over, the ICIP algorithms can potentially make valuable contribution to other cartographic
applications and spatial analyses as well.

The rest of the paper is organized as follows. The next section briefly reviews the
methods of map-distortion visualization as well as relevant computer algorithms.
Section 3 describes the proposed algorithms and computational methods for the ICIP, fol-
lowed by the exemplar maps in Section 4. This paper concludes by discussing the value of
the ICIP and the directions for future research.

2. Literature review

Designing and developing map projections that are able to transform the Earth surface to
a 2D plane had been one central task of early cartography development (Keuning, 1955).
Nowadays, the main challenge for most cartographers and map producers is to choose
one from a wide array of existing map projections to meet their specific mapping
needs (Hsu, 1972; Slocum et al., 2009). Among others, the map distortion is one of the
most important features that need to be considered (Šavrič, Jenny, White, & Strebe,
2015; Snyder, 1997). In the age of the Internet, it is particularly critical to disseminate
the knowledge of the projection distortion to the online map users so that they can under-
stand the distortional characteristics of common map projections. Detailed reviews on the
map-projection distortion have been available for years (Mulcahy & Clarke, 2001; Yang,
Snyder, & Tobler, 1999); here only a brief summary of the distortion symbolization tech-
niques is presented with more details on the regular shape of circles and relevant compu-
ter algorithms.

There are four general aspects in the map-distortion measurement: area/size, distance,
angle/direction and shape (Maling, 1992; Tobler, 1979). The distortions of area, distance
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and direction are relatively easy to calculate for polygons (or vertices defining polygons),
because they are well defined in geometry. By contrast, the shape distortion is usually eval-
uated by a simple side-by-side visual comparison. Many researchers had also developed
quantitative metrics to compare shapes (Keim, North, & Panse, 2004; Kimerling et al., 1995).

As most map projections are based on well-defined mathematics, the projection distor-
tion can be symbolized with accurately calculated measures, assuming a spherical or ellip-
soidal Earth surface. There are two primary means of visualizing the projection distortion:
shape comparison and distortion-measure surfaces. The shape comparison method is
comparing familiar, regular or well-understood shapes such as human faces, squares,
circles and graticules before and after a specific map projection (Brainerd & Pang, 2001;
Mulcahy & Clarke, 2001). The comparison could also be applied to the same polygons
under different map projections. In most cases, the comparison is implicit as only the dis-
torted shapes are shown and the original shapes are assumed normal on the Earth surface.
The distortion-measure surface methods calculate quantitative distortion values such as
the size or angle/direction distortion across the mapped area and then use the surface
visualization techniques such as isolines and terrain rendering to visualize the distortion
(Bugayevskiy & Snyder, 1995; Canters & Decleir, 1989; Maling, 1992). Both types can be
statically or interactively represented with the assistance of GIS or specialized software
tools.

Among all the distortion-visualization techniques, the Tissot’s indicatrix is one of the
most popular, which is proposed by the French mathematician Nicolas Auguste Tissot
in the late nineteenth century (Laskowski, 1989). Based on the geometric derivatives of
map-projection equations, the Tissot’s indicatrix quantitatively measures the distortion
of the size and angle. The Tissot’s indicatrix is only defined for points on the Earth
surface. Tissot’s ellipses are exaggerated visuals based on the Tissot’s indicatrix. Although
they look similar to the regular shapes of circles discussed earlier, they have different
mathematical properties. The size and shape of the Tissot’s ellipse are determined by
the Tissot’s indicatrix at the center of the circle, that is, the property of that single point.
In comparison, the projected regular circle reflects the transformation of the whole
circle, that is, all points on the circle, not the center of the circle. Both types of the
circles have been widely used in textbooks and on public websites to educate students
and generic map users on the map-projection distortion.

Despite the effectiveness and popularity of circles in communicating the overall projec-
tion distortion at the global scale, it bears certain limitations due to the lack of relevance to
specific regions that are cartographically represented as polygons. The ICIP proposed here
might be useful in a number of scenarios. First, map users might be more curious about
the distortion in the nation or region which they are interested in. When circles are entirely
or partially outside of the nation or region, they may feel irrelevant. Second, many specially
designed map projections are spatially confined to certain areas, in which the ICIP could
potentially be more useful. Most importantly, for the geotransformation like area carto-
grams, the discussion of distortion (or its opposite, the shape preservation in the carto-
gram literature) completely focuses on individual polygons (Sun, 2013a; Tobler, 2004). In
area cartograms, one polygon could enlarge while one of its immediate neighbors
might shrink. A circle covering these two polygons would give the incorrect perception
of the map distortion. In this case, using the polygon-contained circle is perhaps the
only valid route for such distortion assessment. Overall, the ICIP supplement the existing
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methods of the map-distortion symbolization and can be effectively used to compare the
polygon-specific distortion.

The polygon-contained extension to the regular circles is new and poses a challenge to
the existing algorithms. To visualize the shape distortion in polygons, the circles must be
placed completely inside. One central question regarding these circles is where and how
big they should be. One obvious choice is to make the circles as large as possible within a
polygon. Moreover, a series of spatially exclusive, maximum circles could be created to
symbolize remaining areas. The other one is to keep all the circles identical and to pack
as many circles as possible within the polygon. In both cases, the key of the procedure
is to find the centers and radii of these inscribed circles inside a polygon.

The problem of placing circles within polygons is closely related to the maximum
inscribed circle (MIC) and the circle packing or ball packing problem in computational geo-
metry and topology (Lodi, Martello, & Monaci, 2002). The MIC and circle packing are
related to the maximum and the equal-sized inscribed circles, respectively. Published
algorithms of MIC for generic polygons use either the distance to the polygon edges in
a rasterized map or the medial axis with piecewise-linear boundary approximation for
polygons (Culver, Keyser, & Manocha, 2004; Dey & Zhao, 2004; Lee, 1982; Ramamurthy
& Farouki, 1999; Reddy & Turkiyyah, 1995). The proposed algorithms of the MICs in this
paper are based on the medial axis methods (more details in Section 3.1). Existing
circle-packing methods, however, are mainly dealing with the tangency relationship
without exterior constraints (Collins & Stephenson, 2003). For example, a circle-packing
algorithm can create a set of circles whose tangency relations are equivalent to a
network, in that any two connected nodes in the network must be represented by two
tangent circles, regardless of their sizes and positions. Even if exterior bounds are
applied to the circle packing, they tend to be regular shapes such as circles, rectangles
and triangles (Castillo, Kampas, & Pintér, 2008; Hifi & M’Hallah, 2007, 2009; Locatelli &
Raber, 2002; Nurmela & Östergård, 1997; Zhang & Deng, 2005). A few works discuss the
generic polygon bound, but the bound is used as a constraint for the question of covering
the polygon with the minimum number of overlapping circles (Stoyan & Patsuk, 2010).
Additionally, existing algorithms work on either a 2D plane for the circles or a 3D body
for the balls, without addressing the case of the Earth surface. The Earth surface is a 2D
manifold from the perspective of topology, but it is 3D in the Euclidean space, which
can be projected to a 2D plane using a map projection. Neither the 2D nor 3D algorithms
directly work for the Earth surface. Overall, the MIC and circle-packing methods have not
been applied to solve cartographic problems related to the ICIP. To the best of my knowl-
edge, there are no published algorithms of packing equal-sized circles with generic
polygon bounds in the cartography, GIScience or computational geometry literature.

3. Algorithms for inscribed circles in polygons

Depending on the specific map projection or geotransformation as well as the dimension
of the mapped space, the ICIP could be on a projected 2D Cartesian plane or on the Earth
surface. To visualize the shape distortion of the polygons in an area cartogram, for
example, 2D circles are required as up-to-date cartogram algorithms still operate in the
projected 2D spaces. Generic map projections, by contrast, are transformations from the
Earth surface to a 2D plane. Symbolizing the map-projection distortion, therefore, requires
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circles being created on the Earth surface. Because some of the proposed algorithms here
operate in the 3D Euclidean space rather than on the 2D manifold, in this paper the Earth
surface is referred as 3D hereafter for the convenience of description. Different from the
geographic coordinate system or spherical coordinate system, the 3D Euclidean space
uses the Cartesian coordinate system to represent the Earth surface and relevant shapes.

As discussed in Section 2, the ICIP could be equally sized just as the original regular
circles for the map-distortion symbolization. They could also be maximized but
bounded by the polygons. As a result, these two options of circle sizes, together with
the cases of 2D and 3D, require four related but different algorithms. This section starts
with the 2D plane case and then extends it to 3D. At the same time, the discussion first
focuses on the maximum circles and then moves to the equal-size ones. Note that all
circles produced by the algorithms are spatially exclusive inside polygons and do not
overlap with each other.

3.1. Maximum inscribed circles in polygons

To find the maximum circle contained in a polygon is to solve the MIC problem, which is
essentially a max–min problem of maximizing the minimum distance from an unknown
point to all the polygon segments (also called edges or arcs in the literature). Because
three non-collinear points define a circle on a 2D plane, the MIC must be tangent to at
least three polygon segments in the case of convex polygons and/or endpoints of seg-
ments in the case of concave polygons. Computationally, the medial axis of a polygon
can facilitate finding the location of the MIC center. The medial axis, also called the skel-
eton, of a polygon is a curve composed of multiple segments, on which each point is the
center of a circle that is tangent to at least two polygon segments or endpoints
(Blum, 1967; Lee, 1982). As such, the center of the MIC must be on the medial axis of a
polygon. For discrete convex polygons defined by line segments, the medial axis is
exactly the same as the edges of the Voronoi diagram of the polygon; for concave poly-
gons, the medial axis is a subset of the Voronoi diagram (Lee, 1982; Ramamurthy &
Farouki, 1999). This is because the edges in the Voronoi diagram of a polygon are com-
posed of points that have equal minimum distances to the polygon segments or end-
points. When a circle is tangent to two polygon segments or endpoints, its center must
have equal minimum distance to the two segments or endpoints and must be on the
Voronoi diagram. To summarize using terms in the set theory, the Voronoi edge is a super-
set of the medial axis and the medial axis is a superset of the MIC center.

From such mathematical reasoning, it is clear that the MIC center must be on the
edges of the Voronoi diagram of a polygon (Figure 1). This claim, however, is only
true when the Voronoi diagram of a polygon is constructed using both vertices and seg-
ments of the polygon, which would produce smooth parabolas and cannot be accurately
represented in the discrete vector GIS format (Mayya & Rajan, 1996). In addition, existing
Voronoi diagram algorithms are mostly based on point sets, but not points and line seg-
ments. Theoretically, the Voronoi diagram of a polygon can be calculated using indefi-
nite numbers of vertices sampled on the polygon edges. In practice, however, a
maximum distance between two adjacent vertices can be applied to obtain satisfactory
results. This is similar to many GIS algorithms designed for discrete vector data, in which
all long polygon segments must be resampled or densified in order to generate smooth,
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near continuous results. Improvements and optimizations to the selection of such
maximum distance had been proposed yet still could not produce the exact solutions
(Dey & Zhao, 2004).

In a more formal description: let P be a polygon, with one ring, n vertices vi (i = 1, 2, 3,
… , n), and n segments/edges ei (i = 1, 2, 3,… , n). Let the N new vertices after resampling
the polygon edges be v′i (i = 1, 2, 3, . . . , N), where d(v′i , v

′
i+1) ≤ dmin. Triangulate these N

vertices and name the Voronoi diagram Vo with K vertices voi (i = 1, 2, 3, . . . , K ). Find
the vertex vomic, so that vomic is in P and dmin(vomic, P) ≥ dmin(voi , P), i = mic. As such, the
algorithm essentially partitions the polygon into a Voronoi diagram and then searches
the location on the Voronoi edges that has the maximum minimum distance to all seg-
ments of the polygon. The average complexity of the algorithm is O(N logN), mainly the
cost of creating the Voronoi diagram. See Appendix A (online-only Supplemental Material)
for the algorithm’s pseudo-code and implementation strategy. This process can be iter-
ated to create a series of spatially exclusive MICs inside a polygon.

Now, extend the 2D algorithm to 3D. In the 3D Euclidean space, it still holds that the
center of the maximum inscribed sphere (MIS) within a 3D body must be on its medial
axis and the edges of its Voronoi diagram (Reddy & Turkiyyah, 1995). However, polygons
on the Earth surface are actually 2D manifolds and do not form a closed 3D body. In
addition, the center of the resultant 3D MIC must be on the Earth surface. To compute
the MIC on the Earth surface, a 3D body has to be constructed first using the Earth
center and the polygon. This body resembles a slice of a pyramid but its exterior
surface is defined by the polygon (Figure 2). With this body, a 3D Voronoi diagram can
be generated using points resampled from the surface of the body. Because the 3D MIC
center needs to be on the Earth surface, all 3D Voronoi vertices must be cast back to

Figure 1. Voronoi edges, medial axis and maximum inscribed circle.
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the Earth surface and then choose the one that produces the largest minimum distance to
polygon segments. This distance calculation can simply use the chord distance instead of
the great circle distance in the 3D Euclidean space because they produce the same results
for length comparison. Appendix B (Supplemental Material) describes the pseudo-code of
this 3D algorithm.

3.2. Equal-sized inscribed circles in polygons

To make the polygon-based distortion symbolization in line with the original concepts of
identical circles, the ICIP should have the same sizes in order to avoid unwanted improper
perception of the area distortion. Instead of maximizing the minimum distances to the line
segments of a polygon, the equal-sized circles approach maximizes the number of iden-
tical circles that are contained within the polygon. Although it appears similar to the
problem of MICs, the equal-sized inscribed circle problem poses a greater challenge
and no published works provide robust solutions to this question yet.

To solve this equal-sized inscribed circles problem, a greedy algorithm is designed in
this paper to arrange as many identical circles or balls as possible within a polygon. Like
any greedy algorithms, the algorithm proposed here only gives a local optimum solution,
which may not be the global solution in some special cases. The whole procedure emu-
lates dropping balls one by one into a polygon and each ball falls to the lowest possible
position until no more balls can be added into the polygon. More specifically, in each step,
the proposed algorithm places a ball as low as possible, that is, with minimum latitude,
which supposedly achieves maximum compactness and leaves as much as possible
space for other balls. In the situation where multiple balls could be at the same latitude,
the longitude is used to break tie, that is, the balls are always packed on one side. Although
this greedy algorithm may not lead to the global maximum compactness, it did reach the
maximum number of balls in the experimented cases.

Figure 2. Constructing a 3D body for maximum inscribed circles.
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The greedy equal-sized ICIP algorithm, in contrast to the MICs procedure described
above, requires the 2D line or 3D curve interpolation along the Voronoi edges but allows
a major optimization. Unlike the MICs, which must touch at least three polygon vertices
or edges, the equal-sized circles only touch two polygon vertices or edges in most cases.
The centers of these equal-sized circles are still on the medial axis and Voronoi edges,
but are not necessarily Voronoi vertices per se, that is, the intersections of Voronoi edges.
As such, the algorithm must interpolate the Voronoi edges to find possible circle centers
and the interpolation must be performed along the great circle for the 3D case. This interp-
olation procedure will lead to a much lower efficiency than the MIC algorithm.

A major optimization, however, can be applied to improve the algorithm. Because the
equal-sized circle found in the last step of the greedy algorithm always has the largest lati-
tude compared with the circles found in the earlier steps, the circle to be determined in the
current step must have a latitude no less than the previous one. In addition, the algorithm
is to find the lowest latitude; so the Voronoi edges or vertices that are above the known
minimum latitude can be excluded from the possible circle centers. Overall, the latitude of
the possible centers can be filtered using a belt defined by the latitude of the previously
found circle and the minimum latitude of the possible circles in this step. In other words, in
each step, the algorithm only scans Voronoi edges that intersect with a belt, whose height
is roughly equal to the diameter of the given equal-sized circles (Figure 3). As such, this
procedure can bypass many Voronoi edges and speed up the search for the next circle.
This optimization can be applied to both 2D and 3D cases (see Supplemental Material
Appendix C for pseudo-code for the 2D case and see Figure 4 for the algorithm flowchart
for the 3D case).

Figure 3. Scanning belt for equal-sized inscribed circles.
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Taken together, these four proposed algorithms can generate the centers and radii of
the spatially exclusive, MICs as well as equal-sized inscribed circles bounded by the poly-
gons on the projected 2D Cartesian plane or on the 3D Earth surface. With these centers
and radii, it is easy to create the circles in GIS polygon format for the map-distortion visu-
alization (Figure 5).

4. Results

In this section, two sets of examples for the 2D and 3D ICIP are presented. First, the 2D
maximum and equal-sized inscribed circles for the 2000 US population cartogram are gen-
erated to symbolize the shape preservation ability of two area cartogrammethods, namely

Figure 4. Flowchart of the 3D equal-sized ICIP algorithm.
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the diffusion and the Carto3F. Then, the 3D ICIP are used to visualize the shape distortion
of the Mercator, Fuller® and Cube projections. The proposed algorithms are implemented
using Matlab® and the free M_Map package developed by Dr Rich Pawlowicz.

The area cartogram is a form of map transformation, in which the polygon areas are
proportional to their associated statistical values such as the population (Sun, 2013a;

Figure 5. Polygon-contained (a) maximum circles and (b) equal-sized circles on the globe.
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Tobler, 2004). The area cartogram cannot be derived from analytical mathematics and only
has iterative and proximate solutions so far. One important aspect of the effectiveness of
an area cartogram algorithm is its ability to preserve shapes (Sun, 2013a). Although there
are quantitative metrics evaluating shape similarity between the original and transformed
polygons, they are not widely accepted due to either the difficulty of calculation or the
need to significantly simplify the polygon shapes (e.g. Keim et al., 2004). The most
common practice is still simply juxtaposing maps to make visual comparisons (Henriques,
BaÇão, & Lobo, 2009; Sun, 2013a). The 2D ICIP, while not being a quantitative metric per se,
can potentially help assess the shape-preserving abilities of different cartogram
algorithms.

Figure 6. US states and population cartograms in Albers projection. (a) 2D maximum ICIP, (b) 2D equal-
sized ICIP, each circle covers the same population, (c) max circles transformed by the diffusion method,
(d) equal-sized by the diffusion, (e) max circles by the Carto3F and (f) equal-sized by the Carto3F.
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Among others, two methods, the diffusion algorithm and the Carto3F, are chosen here
for the comparison. The diffusion method is one of the best cartogram-generating
methods while the Carto3F is one of the latest (Gastner & Newman, 2004; Gastner, Shalizi,
& Newman, 2005; Sun, 2013a, 2013b). Both the maximum and equal-sized inscribed
circles are used to symbolize different aspects of the distortion embedded in the area car-
tograms (Figure 6a and b). Because the ‘size’means the population in area cartograms, the
equal-sized circles are created to represent the samepopulation. These circles, after an ideal
cartogram transformation, should have the same size and the perfect shape of circles. Any
deviation from such perfect size and shape symbolizes the deficiency of the area cartogram
algorithm. Tomake every state in the US 2010 population cartograms has at least one circle
inside, theminimumpopulation that theMIC in each state can representmust be calculated
to determine the ‘size’ of the identical circles. TheMIC of the state of Vermont turns out cov-
ering the minimum population of 259,375 in 2000, which is set as the base value. This value
is calculated from the area fraction of the MIC to the whole state, that is, 0.425 of the total
population of 609,618 in Vermont (Figure 6b). As a result, each circle in Figure 6b represents
about a population of 259,375. The states with more populations have more circles; the
states with higher population densities have smaller circles.

Comparing the 2000 US states population cartograms generated by the diffusion and
the Carto3F shows that each of them has particular advantages over the other (Figure 6).
For example, the Carto3F has less distortion with the polygons located on the edge of the
map using the maximum ICIP. Michigan, Florida and California are closer to circles with the
Carto3F than with the diffusion (Figure 6e). The diffusion algorithm, however, performs
better at Montana, Idaho and Colorado, which have low population density (Figure 6c).
When examining the equal-sized ICIP, the transformed circles produced by the diffusion
algorithm appear smoother than those by the Carto3F, implying that the diffusion
method retains certain advantage in shape preservation (Figure 6d and f). Such an advan-
tage is partially because the diffusion method works on a rasterized grid and smoothly
transforms the whole mapped area. Carto3F, on the other hand, uses a quadtree structure
and only transforms the tree nodes where polygon vertices exist.

The 3D ICIP are largely determined by the ‘real’ shape of a polygon because they are gen-
erated fromtheun-projecteddataon theEarthsurface.As theMercatorprojection is conformal
andmaintains angles, one would expect that they haveminimal impacts on shapes (Figure 7).
Their impacts on sizes anddistances, however, still affect the topologyandarewell capturedby
the ICIP. The 3D MIC of Greenland, for example, is actually not close to the 2D MIC under the
Mercator projection even though it preserves the angles (Figure 8). This is because theMerca-
tor projection increasingly enlarges the area and distance closer to the poles. Whenmap users
try to comprehend such visual discrepancies, they aremore likely to gain a better understand-
ing to the properties of the underlying projection. Similarly, theMIC of Antarctica covering the
South Pole is not even similar to a curve of second orderwith either the geographic or theMer-
cator projections (Figure 7). The incomplete ICPC show that the SouthPole is notmappedwith
the Mercator projection. Such exceptional polygon transformation can therefore promote
deeper reflection on the nature of various map projections.

When symbolizing the specially developed projections, the ICIP method reveals certain
advantages (Figure 9). The Cube projection is designed for box packaging with six equal-
sized facets, which is designed by ESRI® for ArcGlobe®. Between the north and south 45°
latitudes, the Cube projection is the same as the plate carrée projection. For the two areas
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Figure 7. World countries and regions. (a) Maximum and (b) equal-sized ICIP in Mercator projection.
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Figure 8. ICIP in Greenland. (a) Mercator projection and (b) Stereographic projection.
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between the 45° latitudes and the poles, the Earth surface is projected to two squares
(ESRI, 2015). Examined using the ICIP, the pole areas have the most visible distortions.
More particularly, Antarctica experiences the biggest distortion, where some circles
become heart-shaped polygons. Near the North Pole, most areas of Russia, Canada,
Central Asia and North Europe also have obvious distortions. By comparison, the countries
and regions that are far from the polar areas, that is, Africa, Asia, Oceania and Latin Amer-
ican, have much less distortion. The Fuller Projection®, which is tailored for mapping the
major land area on the Earth as a single island without splitting any continents, produces

Figure 9. ICIP for world countries and regions for (a) Cube and (b) Fuller Projections®.
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much smaller distortions (Buckminster Fuller Institute, 2015). Such differences are most
visible around the pole areas, where Antarctica nicely preserves its original shape.

Once the ICIP are converted to the standard GIS data format, more geovisualization
techniques could be applied to enhance the symbolization of the shape distortion. For
example, one can take advantage of both maximum and equal-sized inscribed circles
by combining these two types. The MICs can show the overall shape distortion of a
polygon, and the equal-sized ones can illustrate the distortion of both size and shape.
Additionally, the color and fill pattern of the maximum circles can also be utilized to visu-
alize the size distortion.

5. Discussion and conclusion

This paper presents the ICIP for the map-distortion symbolization, including the algorithms
and illustrative examples. The regular shape of circles, though able to effectively symbolize
map-projection distortion at the global scale, might make map users, who are usually inter-
ested in the distortion in particular regions, feel abstract and irrelevant. By contrast,
polygon-contained inscribed circles help enhance relevance because they are solely associ-
ated with the targeted regions and are free from spatial interference from other polygons.

The polygon-contained extension to the classic regular circles can also realistically
broaden its applicability to the delineation of the shape distortion for generic map trans-
formations and special projections. The ICIP can be created on a projected 2D plane to
compare shape distortion (or shape preservation) of the area cartograms. They can also
be created on the Earth surface to delineate the distortion caused by map projections.
The ICIP are particularly useful for the map transformations that are not mathematically
derived, such as those created with neural network techniques (Skupin, 2003), or specially
designed interrupted projections like the Fuller and Cube projections.

The value of the algorithms presented in this paper goes beyond the map-distortion
symbolization and can be applied to other cartographic applications or spatial analyses.
For example, the center of the MIC can be used for text labeling and as the origin or des-
tination for flow maps. Such a center has the maximum distance to any points in a particu-
lar polygon and is better than either the centroid or the bounding rectangle center in
many cases for labeling and visualization. The equal-sized circles can facilitate the plan-
ning of distance-based service centers and may find real-world applications in business
geography. Moreover, they also provide an alternative to the dot-density map for the visu-
alization of statistics such as population. These directions are topics for future research.
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